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Abstract 

In this paper, we study the weighted estimates for multihnear Calderon-Zygmund 
operators from LP^{wi) x • • • x LP'^{wm) to LP{v^), where 1 < p,pi, ■ ■ ■ ,Pm < oo with 
1/pi + • • • + 1/pm — ^/p and w — (wi, • • • , Wm) is a multiple Ap weight. We give weak 
I and strong type weighted estimates of mixed Ap-Aoo type. Moreover, the strong type 

"j^ ' weighted estimate is sharp whenever max^p^ < p' /{mp — 1). 

Keywords, multilinear Calderon-Zygmund operators; multiple Ap weights; weighted 
inequalities. 
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^ 1 Introduction and Main Results 

O 

tJ" . The weighted estimate for operators is an interesting topic in harmonic analysis. And it 

^SJ I has attracted many authors in this area [U O [T8l [20l [2^ I25j . In this paper, we study the 

weighted estimates for multilinear Calderon-Zygmund operators with multiple Ap weights. 

Recall that T is called a multilinear Calderon-Zygmund operator if T is initially defined 
on the m-fold product of Schwartz spaces and taking values into the space of tempered 
distributions, 

X' T : ^(R") X ••• X ^(M") ^ ^'(R"), 

H ; 

- . .' and for some 1 < Qi < oo, it extends to a bounded multilinear operator from L^i x • • • x L'^"^ 

to L"^ , where 1/qi + • • • + 1/qm = ^/q, and if there exists a function K, defined off the 
diagonal x = yi = • • • = ym in (M")™'+^, satisfying 



(N 



• • • = / K{x,yi,--- ,ym)fi{yi)--- fm{ym)dyi---dy„ 



for ah X ^ njlisupp ff, 

l^(yo,yi, • • ■ ,ym)\ < 



iT.k,i=o\yk - yi\y 



*This work was supported partially by the National Natural Science Foundation of China(10990012) 
and the Research Fund for the Doctoral Program of Higher Education. 
^Corresponding author. 



1 



and 

\K{yo,--- ,yi,--- ,ym) - K{yo,--- ,y-,--- ,ym)\ < "^'^^ 



for some A,e > and all < i < m, whenever \yi — y'^] < ^ maxo<fc<m \yi — yk\- 

For the theory of multilinear Calderon-Zygmund operators, we refer the readers to 

[H [SI El El E] for an overview. 

The multiple Ap weights introduced by Lerner, Ombrosi, Perez, Torres and Trujillo- 

Gonzalez [18j are defined as follows. Let P = (pi, • • • ,Pm) with 1 < pi, - ■ ■ ,Pm < co and 

l/pi H h 1/pm = Given w = (wi,-- - , Wm), set 

m 
i=l 

We say that w satisfies the multilinear Ap condition if 



' ' < oo, 



where [w]Ap is called the Ap constant of w. When = 1, (y^ understood 
as (infg tt;,)"^. It is easy to see that in the linear case (that is, m = 1) ['w]Ap = [w]ap 
is the usual Ap constant. Recall that ^oo = Ui<p<oo^p the A^o constant [twjAoo 
defined by 



H^oo — sup—— / M{wxq). 
Q w{Q) Jq 

In [H], it was shown that for 1 < pi, • • • ,pm < oo, w € Ap if and only if ^' G ^mp' 
and i^jj; G Ajy^p. 

For the linear case, i.e. m = 1, the Ap-A^o type estimates for Calderon-Zygmund 
operators were investigated in [11]. Notice that the main technique in [11] is an appropriate 
characterization which simplifies the estimate of the weighted bounds to calculate a test 
condition [12] [TS]. The advantage of their technique is that it does not rely upon the 
extrapolation. In this paper, roughly speaking, we follow the idea used in [12J. But we do 
not use the method such as the linearization used in that paper. Instead, we use the idea 
of Damian, Lerner and Perez [3] and reduce the problem to consider the following type of 
operators. 



„• \^]M J Oil; J 



j,k ^i=l l'^^''^' -"^J-.fc 

where / := (/i, • • • , fm), ^ is a dyadic grid and S := {Qj^k} is a sparse family in ^ (see 
Section [2] for definitions of these notations) . 

In the linear case, Lerner [161 [TTj investigated this type of operators and gave a simple 
proof for the A2 conjecture. For the fundamental theory of Ap weights and the history of 
the A2 conjecture, we refer the readers to [H [21 [THl [13 [HI [22l [23] for an overview. 

In [3], Damian, Lerner and Perez studied the sharp weighted bound of multilinear 
maximal function of mixed Ap-A^o type and gave a multilinear version of the A2 conjecture. 
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In [19j, the authors estimated the weighted bound of the multihnear maximal function and 
C alder on- Zygmund operators in terms of [it?]/!^- 

In this paper, we estimate the weighted bound of multilinear Calderon-Zygmund op- 
erators of mixed Ap-A^o type. We give the sharp estimate for some cases. To be precise, 
the main result of this paper is the following. 

Theorem 1.1 Let T be a multilinear Calderon-Zygmund operator, P = {pi, ■ ■ ■ ,Pm) with 
l/p = l/pi + • • • + l/pm and 1 < p,pi,- " ■•Pm < oo. Suppose that w = {wi, • • • , Wm) with 
w G Ap. Then 

(m 
i=i 

m K m 

where ai = w- ' , i = 1, ■ ■ ■ ,m. The result is sharp in the sense that the exponents can 
not be improved whenever maxiPi < p' /{mp — 1). 

For the weak type estimates, we get a similar result. 

Theorem 1.2 Let T be a multilinear Calderon-Zygmund operator, P = [pi, ■ ■ ■ ,Pm) with 

l/p = 1/piH \-l/pm and 1 < p,pi, ■ ■ ■ ,Pm < oo. Suppose that w := {wi, ■ ■ ■ ,Wm) £ Ap. 

Then we have 

(m s m 

i'=lij^i' ^ i=\ 

In the rest of this paper, we give proofs for the main results. To avoid cumbersome 
notations, we only prove Theorems 11.11 and 11.21 for the case m = 2. And the general case 
can be proved similarly but with more complicated symbols. 



2 Preliminaries 

In this section, we collect some notations and preliminary results. Recall that the standard 
dyadic grid in M" consists of the cubes 

[0,2-^)'^ + 2-'=j, fcGZ,jGZ". 

Denote the standard dyadic grid by T). 

By a general dyadic grid 3l we mean a collection of cubes with the following properties: 
(i) for any Q e ^ its sidelength Iq is of the form 2^, k (ii) Qr\R ^ {Q,R, 0} for any 
Q,R ^ S>; (iii) the cubes of a fixed sidelength 2^ form a partition of M". 

We say that S := {Qj,k} is a sparse family of cubes if: 

(i) . for each fixed k the cubes Qj^k are pairwise disjoint; 

(ii) . if Ffc = U,- Qj,k, then r^+i C F^; 
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(iii). \Tk+if]Qj,k\<2\QjM- 

For any Qj i^ £ 5, we define E{Qj k) = Qj^^ \ ^k+i- Then the sets E{Qj k) are pairwise 
disjoint and \E{Qj^k)\ > ^\Qj,k\- 

In m, Damian, Lerner and Perez proved that for any Banach function space X over 
M" equipped with Lebesgue measure, 

\\Tif)U <Csup\\Aoj^si\f\)\\x, (2.1) 

where |/| = (|/i|, • • • , |/m|) and the supremum is taken over arbitrary dyadic grids ^ and 
sparse families 5 C ^. Specially, for X = LP{v.^), 1 < p < oo, 

WTinhnv^) < Csup WAoj^silfDhnv^)- (2-2) 

Let Eg/ := cr{Q)^^ Jq f (T- We introduce the principal cubes [12] . 

Definition 2.1 (Principal cubes) We form the collection Q of principal cubes as fol- 
lows. Let Qq := {Q} (the maximal dyadic cube that we consider). And inductively, 

Qk '■= 1^ {G' C G : E^'l/I > 4E^|/|,G'zs a maximal such dyadic cube}. 

Let Q := Ufc^o^^- ^'^'^ '^'^2/ dyadic Q{C Q), we let 

T{Q) := the minimal principal cube containing Q. 
It follows from the definition that 

E5I/|<4E?(Q)|/|. 

From the idea of principal cubes, we have the following decomposition, which is similar 
to the ordinary corona decomposition (See [HI [2lJ). 

Let Q C be any collection of dyadic cubes such that for any Q G Q, there exists a 
maximal cube Qmax £ Q which contains Q. Let aidx and a2dx be two positive measures. 
We call (£ : Q{L)) : £ C Q a (ui, o"2)-corona decomposition of Q if these conditions hold. 

(i) . For each Q £ Q there is a member of £ that contains Q. Let X{Q) £ £ denote the 

minimal cube which contains Q. Then we have 

/Ti(A(Q))^2(A(Q)) MQMQ) 
|A(Q)P - \Q\' ■ 

(ii) . For all L',Le C with L' C L, 

ai{L')<j2{L') ai{L)a2{L) 
IL'P >^ |L|2 
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We set Q(L) ■= {Q £ Q : X{Q) = L}. The collection Q{L) forms a partition of Q. 

Note that {Q x Q : Q £ Q} is a collection of dyadic cubes in M^". Therefore, the (<ti, 
(T2)-corona decomposition of Q is in fact the ordinary corona decomposition of {Q x Q : 
Q € Q} with respect to the measure ai x a2- 

Now we introduce some preliminary results. The following result is obvious and we 
omit the proof. 

Lemma 2.2 Any sub-family of a sparse family is also sparse. 

Next we give a property of A^o weights on sparse family. 

Lemma 2.3 Let w £ A^o and Q d S> he a sparse family. Suppose that there is some 
S G ^ such that any cube in Q is contained in S. Then 

Y "^(Q) ^ 2 / M{wls)ix)dx < 2[w]A^wiS). 

n^n •S' 



Proof. Set 



E{Q) = Q\ U Q'- 

Q'eQ,Q'ZQ 



By the sparse property, E{Q) are disjoint and |-E'(Q)| > ||Q|- Then we have 
Y HQ) < 2 E ^ I^M{wls){x)dx < 2[w]a^w{S). 



□ 



By (j2.2p . we have to estimate ||^s?,5(|/|)||lp(?)^)- First, we consider a special case. 



Lemma 2.4 Suppose that {wi,W2) G Ap, where P = {pi,P2) cLnd 1/p = + l/p2- Let 
Q <Z & he a sparse family. Suppose that there is some S" E ^ such that any cube in Q is 
contained in S. Set 
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Then we have 



\A^^Q{ails,<T2ls)\ 



LP{va) 

1/pi / \ 1/P2 



E^i(^) • E^2(Q) 



■QGQ ' ^QeQ 

Proof. Without loss of generality, assume that pi < p2. Set 
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where — 1 < a < [log2[tt?]y'^J . Form the (cti, (T2)-corona decomposition of Qa- We get /la- 



Define 



'^S),Qa{L){X) - \Q\2 Xq{3:)- 



We conclude that there exists some c > such that for L & Ca and t > 0, we have 

^cri(L)fT2(L) 



|L|2 

(Jl(L)o-2(-^) 

|L|2 



< 2"*+2|L| 



First, we prove (|2.3p . It is obvious that 



o-i(L)o-2(-^) 
|L|2 



(2.3) 
(2.4) 



Since for Q G Qa{L), 



by the sparse property of Q, we have for any integer r, 

_cri(L)o-2(-^) 



|xeM'^:^5^,Q4L)(x) >4r- 



ILI' 



< 2-^+i|L 



This proves (|2.3p . 

Next we prove (j2.4p . For integers 6 > 0, we define Qa,b{L) to be the set consisting of 
Q G Qa(-Z^) such that 



2_6+iOjXL)a2(L) ^ (Ti(Q)a2(Q) ^ 2-''+2 



1^1 



Define 



where 



0-l(L)(72(L) 
bf7l(L)f72(L) 



. ^ ^ f^i(Q)o-2(Q) , X 
-^s^,s.,(,(L)W = XgW- 



Similar arguments as the above show that |-Eb(t)| < 2 *+2|^|^ x = 4^^>q2 ^/2_ -yy-g 
have 



< 



5^^;^^(i?fe(2^/2K-it)). 



(x)>4t2-^/^i^-i^li^^}) 



fe>0 
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Suppose that Eb{2^/^K-H) = R], where R) are pairwise disjoint maximal dyadic cubes 
in Eh{2^/^K-H). Notice that R'^j G Qa,b{L). We have 

j 

< y(2'^ ^^S! 

^.^^^P/P',^.^^^PM^'^ J'' ' J'' 



< 



< 



■J- cji(L)pMo-2(L)pM 



, , , ^ /c7l(i?5)\P/Pl-P/P2 /|i?5|\2p/P2 



(By the definition of Qa) 

cji ) 1 / I 1 \ 2p/P2 



It follows that for t > 1, 



6>0 



< j;2''PM2(-^-^2'^^(i+*)/2+^)fl^^^(L) 



6>0 



where c = K~^p/p2. For < t < 1, it is obvious that (j2.4p is correct. 
For L £ Ca and d G Z+, let 

It is obvious that La^d C L and by (|2.4p . 

By the definition of {ai, (T2)-corona decomposition, we have 
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It follows that 



< 



\\A&,q{'^i'^s,(^21s)\\lp(^^) 



a=-l 

[log-r.Ttii/p 



2 A -J 

p CO 



a=-l d=0 



< 



< 



< 



p CO 

E E 

a=-l d=0 
p 



d+ 1 
2cd/p 



E 



E 



ai{L)a2{L) 

— nT2 — ^kA^) 



LP{va) 
\ 1/P 



1/p 



a=-l 



\L£Ca / 



This completes the proof. □ 
The following result gives another special case of ||v1^^5(|/|)||j;,p(„^). Since its proof 
shares some common steps with the one for Theorem 11.11 we postpone the proof to Sec- 
tion [3l 

Lemma 2.5 Suppose that {101,11)2) £ Ap with P = {pi,P2) satisfies that 1/p = l/pi + l/p2 
and that 1 < p,pi,P2 < 00. Let S be a dyadic cube and supp /i C S. Then 



To prove the main result, we also need the following result on multiple weights. 

Lemma 2.6 [19 , Lemma 2.2] Suppose that w = {wi, ■ ■ ■ ,Wm) £ Ap and that 1 < p, pi, 

Pm < 00 with 1/pi H h l/pm = Then := {wi, ■ ■ ■, Wi-i, v]^"^ , Wi+i, ■ ■ ■, 

Wni) e Ap, with = (pi, • • p', pi+i, ■ ■ ■, Pm) and 



iVp' 



ii/pi 



3 Proof of Theorem 11.11 

In this section, we prove Theorem ll.il Without loss of generality, we assume that /i, /2 > 
0. Denote Qi := {x G : A^ ^{fiai, f20'2){x) > 2'} and let Qi denote the set of maximal 
dyadic cubes in il;. By the structure of Aq^Si any cube in Qi must be some cube Qj^k £ S. 
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We have 



lez QeQi 

where Ei{Q) = QD ^i+i \ ^1+2- By the maximal property of Q G Q/, we have 

2 



and 



Therefore, for x G Ei{Q), we have 

2'+i < A^,5(/i^i>/2fT2)(x) < A^^sihailQj2a2lQ){x) + 2'. 

That is, 

^i^,5(/i^ilQ, /2^21q)(x) > 2', X G EliQ). 
Thus, for sufficiently small /3 > to be determined later, we have 

||^^,5(/lf^l>/2fT2)||^p(„^) 

^ Y^\\Msih^ij2a2)\\l,^^^^+AP J2 va{Ei{Q)f-^ 

^v;(Ei(Q))>l3v^(Q) 

• / A^Afi(^i'^Qj2(^2'^Q){x)vy;dx] . 
Consequently, by setting ^ = 4~p{1 — 2~p)/2, we get 

V va{Ei{Q))'-p( [ A^^s{h<^l'^Qj2CT2lQ){x)vadx 



< 



:^{Ei(Q))>l3v^{Q) 



(3.1) 



'y;(Ei(Q))>l}v^{Q) 
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Ei(Q) 



EliQ) 



EliQ) 



l<iI.,Q<=Ql 



X 

' 'liQ) 

:= h + h + h+h. 
In the rest of this section, we use the following conventions. 

(i) . all I in these sums are of the same parity; after all, there are just two such sums; 

(ii) . keep in mind the restriction 

vMiQ)) > MQ) (3.2) 
appearing in all these sums and we omit it in the rest of this section; 

(iii) . by the monotone convergence theorem, we may also assume that all appearing cubes 

are contained in some maximal dyadic cube Q. Then we can use the technique of 
principal cubes. 

Before further estimates, we give two lemmas. The first can be proved with similar 
arguments as that in [12l pp. 20-21] and we omit the details. 

Lemma 3.1 Let Q he the principal cubes with respect to fi and ai, and Q he the principal 
cubes with respect to f2 and a2- Suppose that T(Q) and T{Q) are defined as that in 
Definition \2.1\ Then 

EE E ^i(«)(E?,Vir<ii/iir^(.,). (3.3) 

ZeZ QGQi H6S;+2.«CQ 

EE E ^2(ii)(E^V2r < ii/2iiii2H)- (3.4) 



lez QeQi Re 

R ''^ r(Q)-'^ 

And the second one can be seen from the definition of principal cubes. 
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Lemma 3.2 Let Q he the principal cubes with respect to fi and ai and Q he the principal 
cubes with respect to /2 and a2 ■ Then 

J](E-/irai(G)<||/i|r^(^^). (3.5) 
G£g 

5^(E^V2rV2(G)<||/2ir/,,(,^). (3.6) 
Gee 

Next we give a proof for Lemma 12.51 

Proof of Lemma 12.51 Without loss of generality, assume that /i > 0. Set 

fQ.^fi{yi)cridyia2{Qj,kr]S) 



and 



^ Iq fi{yi)<^idyia2{Qj,knS) 

^®,5(/lf^l'ls(T2) = 2^ •■ rrr—r^ Xq 



It is easy to see that 



Jq.^ fi{yi)cridyi(T2{Qj,k n S) 



fs fi{yi)(^idyio-2{S) 



~ I a\2 

xs 



Hence 



(5)VKa2(5) 



h 41 (frr ^^ Ml < ll/l|I^^^K)^l(^)'^^'^^2(5) ^, 

|ls^i^,5(/i'7i,o-2l5)||^p(^^) ^ l^g^ja Vis[S) 1^ 



< M]l;\\fl\\Lr'Ha,MS)'/^\ 

It remains to estimate ^(|/i|(Ti, 15(72). Without loss of generality, assume that all 
cubes in 5 are contained in S. By the previous arguments, we only need to estimate (|3.ip 
in the special case /2 = Is- We have 



< 



vdEi{Q))'-p( [ A^sifi'^i'^QAs(T2lQ){x)vadx 



iSZ,Q6Qj 

"^(Si(Q))>/3«ui(Q) 



[ A&,sih'^i'^Q\ni+2^ 'i-Scr2lQ)ix)vadx] 
.J EliQ) / 



''^(S;(Q))>/3«a(Q) 
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Q) 

■ JEiiQ) J 



i(Q) 
:= J1 + J2. 

In the following, we also use the convention (ii) to omit v^{Ei{Q)) > j3v^{Q). 
First, we estimate Ji. Let 

Si{Q):= U G 5 : C Q,- C g}, if Q/+2 / 

and 

Si{Q) := {Qj,k G S : g,- C Q}, if Q/+2 = 0. 
By Lemma |2.2| Si{Q) is sparse. For big cubes Qj^k 2 Q 2; G Ei{Q), 

Hence for x G Ei{Q), we have 

^s?,5(/i'^ilQ\f^!+2'^2lQ)(x) < 2A^ .5^(Q)(/iailQ\n,+2,f^2lQ)(x), (3.7) 

where 

Q.,.e5KQ) ^i=i -^Q^'" ^ 
Observe that Si{Q) is an empty set if and only if Q G n Q/+2- When the condition 
is satisfied, we have 

^S',5(/lO"llQ\n,+2,0-2lQ)(x) = 5^(Q)(/lCrilQ\f2,+2,'72lQ)(x) = 0, 

which means that p.Tp is correct even if Si{Q) is empty. So {Si{Q) : I G 2Z, Q £ Qi} and 
: / G 2Z + 1,(5 G Q;} are pairwise disjoint, respectively. Denote Si{Q) = {Qi^r]}r]- 
We have 

/ ^i^,5(/i'7ilQ\o,+2> l5f^2lQ)(a;)^^«;da; 

^g*,5KQ)(/i^ilQ\f^i+2'l5f^2lQ)(a;)^«;c^a; 



< 



< 



/■ \ i/pi 

/ /f^o"! I (by Lemma 12.41 and Lemma l2.6p 

/ \ 1/P2 / /> \ 1/Pl 

(Q)^/M E ^2(Q.,,) / /fVi , 
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where Lemma 12.31 is used in the last step. Recah that we have the convention (j3.2p . By 
Holder's inequahty, we get 



Ji= ^ (f ^s>,sih^i'^Q\ni+2''^s(^2lQ)ix)v^dx] va{Ei{Q))'^ P 

, , / \ P/P2 / /■ \ p/pi 



< 



IP 

... ^,lLPi(ai)- 



Next we estimate J2- Since Ei{Q) C f^;^_|_2 ^ ^ with R C Q, Acj g(v^\Ei{Q)^(y2\~Q)(x) 
is a constant for x G R. We have 



= E / ^S*,5(^«?l£;,(Q)>f^2lQ)(x)f7i(i2;-E^Vi 

RCQ 

< 16 ^ / A^5(u^l£;;(Q),(T2lQ)(x)f7idx-E^^(Q^/l 

E^1/i<16E;^1^j/i 

+ E / ^i^,5(^'isli=;,(Q)>^2lQ)(a;)aidx-E^Vi 



E^1/i>16E;:1qj/i 



< 16 / c((TilQnf7i+2'^2lQ)(2;)t'tt;(ix -EpJ^./i 

+ E / ^ii^,5(^^t<;li?i{Q)'^2lQ)(2;)o-i(ix • E^Vi- (3-8) 

fleSi+2.-Rc<3 

E-l/i>16E-l^j/l 

Similarly to (|3.7p . for x G Ei{Q), we have 

^S?,5(/ic^ilQnn,+2''^2lQ)(x) < 2A^5^(Q)(/i(TilQnQ,+2,o-2lQ)(x). 

Consequently, by setting 5(G) = |J'6z,q6Q; Si{Q), we have 

r(Q)=G 



E ( / ^iS^,5(^ilQnn,+2,f^2lQ)(x)t'^s(ix') 

^ E / (^s*,5,{Q)(^ilQnn,+2,f^2lQ)Ft'«;(ix- (E^|q)/i)p 
EE/ (^i^,5KQ)(^ilQnn,+2,f^2lQ)F^^«;c^x- (E^Vi) 

JE,(Q) 



r{Q)=G 
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Gee *^ 

(by the disjointness of Ei(Q)) 

/ \ p/pi 

^ E[^u4 E E ^^(Q^^n) 

G&g ^ i&,Q&Qi Qi^^&SiiQ) 

r(Q)=G 

\ P/P2 

E E ^2(Q/,,) -(EcVir (byLemmaE 



^ [^]ap(e E E ^i(Q^.)-(EGVir) 



P/Pl 



r{Q)=G 



Geg ie^,QeQi Q; g5;(Q) 
r{Q)=G 



p/p: 



p/pi / r \ p/p^ 



< 



(by Lemma |2. 3 



p/pi 

where (|3.5|) is used in the last step. 

For the lE^Vi > ^^^r\Q)f^ part, by Holder's inequality, we have 

J2 MRy'^^^'i / A^^siyalmQ),<T2lQ){x)aidx] ) 

cTi(i?)(E^vir 

4'/i>i6ErjQ)/i 



< 



\jQnni+2 J 



Vp'i 

< \ ' 

iQr\Qi+2 

\ i/pi 

ai(i?)(E^vi/ 

E^1/i>16E;^1qj/i 
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\jQnni+2 ■ ' J 



ii/p 



^ ai(i?)(E^vir 

E^1/i>16E;^1^j/i 

\ 1/p' / \ 1/P2 

^i/i>i6e;^1qj/i 

(by Lemma 12.41 and Lemma |2.6 

/ \ 1/P2 

i/pr„, iVp' ■ — 



■Qi,„e5,(Q) 



1/p 



where Lemma 12.31 is used in the last step. It follows from ()3.2p and Holder's inequality 
that 



E ( E / ^s>,sivwlEiiQ),(^2lQ){x)aidx-E''j^fi^v^{Ei{Q)) 

/ \ P/P2 

p/pi 



i-p 



4'^i>i6'=r(Q)-fi 

< [UJ]^^. M^/f k2]£V2(5)^/^^ ll/i 11^,, , (3.10) 

where Lemma [231 and (|3.3p are used in the last step. 
Putting ([32]), (I3JD and (l3J0]l together, we get 

J2 < [wu.iKTZ + K]£^)k2]£v2(5r/-ii/ir,.,(^^). 

This completes the proof. □ 
Now we continue to prove Theorem I l.li 
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3.1 Estimate of h 

In this subsection, we consider Ii. we have 



EiiQ) 



\Jq\q.i+2 ' J \JQ\ni+2 



where Lemma 12.51 and Lemma 12.61 are used. By Holder's inequaUty, we have 

\ p/pi 



f \ P/P2 



02 

/fVi ) 

< HA,[vM'j[a,]Z + W2]Zr\\h\\u.,) ■ ii/2r..2(.2)- 

3.2 Estimates of I2 and /s 

In this subsection, we estimate I2 and I3. Since they are similar, we only estimate I2 and 
the other one can be estimated similarly by the symmetry. We have 

A&,sif^^'^^Q\^i+2^h^2'^Qr'ni+2)ix)vwdx 

Ei{Q) 



E /- ^9,sUi<7i'^Q\ni+2^v^lEi{Q)){x)f2a2dx. 



RCQ 



Since Ei{Q) C ^f^2 ^"^^ ^ ^ 2^+2 ^ A^^g{fiailQ\Q^^^,v^i;lEi(Q)){x) is a constant for x e R. 
Therefore, 

/ ^&,s Uic^i lQ\n,+2 > /20-2 lQnQ,+2 ) {x)v^dx 

JEiiQ) 

= E ^^5?,5(/i^ilQ\n,+2'^^lSi(Q))(^)^2da;-E^V2 



i+2 



RCQ 
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< 16 ^ / A^^s{fiailQ\n^^^,valEi{Q)){x)a2dx-K'^''^^^f2 

R ■'2- r(Q)-'2 

(3 



fleQi+2,«cQ ■'^ 

H 2^ r(Q)-'2 



where r((5) are the principal cubes with respect to /2 and a2- 

3.2.1 The part with E^V2 < 16E?Jq)/2 
For this part, we have 



_ ^ «/ 7i 



E'^2f„<i6E?2 f 

r(Q)-'2 



< / ^^,5(/ic^ilQ\n,+2,^^«7lE((Q))(^)^2(ix-E?J /2. 

For G e Q, where Q is the set consisting of principal cubes with respect to /2 and (72, 

9iix)= Yl /i(^)lQ\ni+2(^)- 



f(Q)=G 



Then by the disjointness of Ei{Q) in Z G Z and Q e Qi, 



Y ( /-^^,5(/lf^llQ\n,+2>^^«5lE;(Q))(^)^2dx 



e'!:2/„<16E?2 / 

« r(Q)-'2 

P 



S E E / (''»,5(/i<'ilQ\n,+,.<'2lQ)W)''t>ffi<ia:^(Ef' A) 

Gee iez,QeQi •'EliQ) 

f(Q)=G 

Gee ^ 

\p/pl 



< 



(f \ P/Pl 
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(be Lemma l2.5p 

(f \ p/pi 



Gee 



\ P/P2 

Geg 

< MA,[^2rl'J{[a,]fj + • ll/2|II..(.,), (3.12) 

where (|3.6p is used in the last step. 

3.2.2 The part with E'^Vs > 16E?^ J2 
By Holder's inequality, we have 



J R 

R Y{.Qy 



< ( ^a2(i?)-P^/^^(^A5,_5(/iailQ\n,+„i;^-l£;,(Q))(x)a2dx 



< 



\ 1/P2 

^ a2(ii)(E^V2rj 
(^i^,5 (/i lQ\n,+2 , (Q) ) f^2rfa: 

Qnf7;+2 

\ 1/P2 

J2 ^2(i?)(iE^V2r 

-ReS;_|_2,-RCQ 



P2\ 1/P^ 



-R ^ r(Q)^ 



^ \jQ\ni+2 / 

\ 1/P2 

-ReQ;+2.-RcQ 
R ^ r(Q)^^ 

where, again. Lemma [2. 5 1 and Lemma [2.61 are used in the last step. Therefore, by Holder's 
inequality, we get 

e'^2/9>16E?2 f„ 

R ^ r(Q)^^ 
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< 



/ \ P/P2 

• E E ^2(ii)(iE^V2r 



p/pVujVpi , ii/P2Np|| . IIP 



< Ni^pMz ([^iir + • (3.13) 

where (|3.4p is used in the last step. 

Combining (^J3), ([XT^ and we get 

x|l/illi..K)-|l^2ll'-(<..)- 

By symmetry, we also have 

•II/2II LP2 (era)- 

3.3 Estimate of I4 

Similarly to the previous arguments, we have 

EiiQ) 



= E E /-^;^,<s('^t«lE,(Q)'^ilR)(^)^2da;-E^Vi •IE^'/2 

^^'5 ACQ 



xE^Vi-E^V2 



T^(=n, , ^ Rr-n n--^ 



xE^Vi-IE^V2 



E-l/i<16E-l^j/l e-2/2>16E;2^j/2 



, , „ Br-O •'^ 



fl6Qi+2'«CQ HSS,+2,HCQ 

r(Q) 



E^1/i>16E;^1qj/i e^2/2<16E?2 /2 



19 



Raa. . „ RrC) fi^^ ■'^ 



/4i(/, Q) + /42(/, Q) + Q) + hi{l, Q)- 



3.3.1 Estimate of /41 

We have 



X] X] lAc^g{v^lE^^Q),ailR){x)a2dx 

, ,„ Rf-O 5^/-, •'^ 



< 162/ A^5(ailQ,a2lQ)(x)i;^dx-E^jQ)/i-E^J /2. 



'EiiQ) 

Similarly to (I3.7p . for x G Ei{Q), we have 

^iS!',5(o"ilQ,<^2lQ)(2;) < 2A^5^(Q)(o-ilQ,a2lQ)(x). 
By Lemma 12.41 we have 

l& Q&Qi 

l&Q&Qi \JEi{Q) J 



Y v^{Ei{Q)f p( f A^g^^Q^{ailQ,a2lQ){x)vadx 

\JE,(Q) 



< 



lez Q&Qi -^^'(Q) 

/ \ p/pi 

^ i^uAE E E MQi,vm2fir) 



■Gee i6Z,QsQ, Qi_^<^Si{Q) 
r{Q)=G 

\ P/P2 

r(Q)=G 



20 



(by Lemma 12.41 and Holder's inequality) 

\P/P2 



X 



/ \ P/P2 

f J^a2(G)(E^V2rj (byLemmaE^D 



'Gee 

< [-i^.K] ii/i r.., 11/2 r... ,^.,y 

where (|3.5p and ()3.6p are used in the last step. 

3.3.2 Estimates of I42 and 143 

We have 



R ^ T(Qy^ 

For simplicity, set 



^= E 



-B r(Q)^ 

We have 

ri 



GgG iez,QeQ, ^ ^ Ei{Q) 



G&Q iez.,QeQi 
r(Q)=G 



Set 



We have 



he := sup gq. 

r{Q)=G 



Gee Geg 



Gee Q:QeS;,iez 
r{Q)=G 

= E E E (iE^V2rv2(ii) 

Gee Q:QeS,,iez HeS;+2.«cQ 

r(Q)=G e"-2/2>16E?2 U 
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< WMUh.,)- (by (13 

Since Ei{Q) are disjoint, we have 

E E ^M{Q)Y-''h2{i.Qf 



r{Q)=G 
r{Q)=G 

(by Lemma l2.5p 

(\ P/P2 



(by Holder's inequality and (13. 5p ) 

By symmetry, we get 

E E ^-(^'(^))'''^43(/,gf < MA,W2rtH[vM!l + Wi]Zy 

xii/iir^.,(.,)-ii/2ir,.,(.,). 

3.3.3 Estimate of I44 

We have 

E E l,^s:,s{'<Jw"^Ei{Q),(yi'^R){x)T2dx-¥r^fi-¥l'^f2 

< ( E C7i(i?)-P'i/P^(' / A5,^5(r;^^ls^Q),5Qa2)(x)ai(i:EyV''' 

^ fleQ; + 2,«CQ \J-R / / 

\ 1/Pi 

E ai(i2)(E-/ir 

-ReS;_(_2'-''CQ 



E^1/i>16E;^1^j/i 
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( r \ l/p'i / \ l/Pi 



^ ai(i?)(E-/ir) 
1, , o.flro / 



where Lemma 12.51 and Lemma 12.61 are used in the last step. It follows that 

Y v^{Ei{Q)f-Ph^{l,Qf 
l& Q&Qi 

Z^*^ /Oc^iO. V Raa, , RrCi i^^^ fi^^ 



^ J2 

p 



- 1 - - "[-(-^ ' - V 



/ A^,si'^w'i-E,{Q),crilR)ix)a2dx 
Jr 



E E \\9q\\IU..)) 

i& QeQi ^ 
\ p/pi 

EE E ^i(^)(E?iVir 

■ l& QeQi R&Q1+2.RCQ ^ 
e^1/i>16e;^i^j/i 

E E 'X2(ii)(E^V2rj 



2 

p/pl 



R ^ r(Q) 



EE E '^limKhr) 

lew. OcO, ReQi,n.RCQ ^ 



X 

l& Q£Qi R£Qi+2,RcQ 

E^1/i>16E;1q,/i 

where p.3p and ()3.4p are used in the last step. 
Summing up the above arguments, we get 

^ll/l|lLfi(ai) • ll/2|liP2(<x2)- 

This completes the proof of (jl.ip . 
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3.4 Sharpness of the strong type estimates 

Finally, we prove the sharpness. We use the example in [19j. That is, 

Rl{f){x)=p.V. [ .^-^fir^^ ^ l2Uni+lV2 -^l^^l) ■ ■ ■ fmiym)dyi ■ ■ ■ dl 

Assume that < e < 1. Let 
Then we have = \x\('^-e){mp-i) ^ 



\mp—l 

Moreover 



w]Ap = [vM^,^{^/^r''~' and NA^<l/e i = l,---,m. 



|i?i(/)||L.(.,) > (1/6)"^+^/^ and n ll/^IU^^K) « (lA)'/"- 



It follows that our result is sharp whenever maxjjpj} < p' /{mp — 1). 
This completes the proof of Theorem 11.11 

4 Proof of Theorem 11.21 

In this section, we give the proof of Theorem 11.21 We begin with the Whitney decompo- 
sition. 

Proposition 4.1 Proposition 7.3.4] Let Q be an open nonempty proper subset ofW^. 
Then there exists a family of closed cubes {Qj}j such that 

(i) . [jj Qj = Q and the Qj 's have disjoint interiors; 

(ii) . Vnl{Qj) < dist (Qj-,S7^) < 4.^l{Qj); 

(iii) . if the boundaries of two cubes Qj and Qk touch, then 

1<1M<4. 

4 - l{Qk) - ' 

(iv) . there exists some constant 1 < 7 < 5/4 such that J2j X^Q^i^) < Cn- 

Next we give a weak type estimate for the multilinear maximal function. Recall that 
the multilinear maximal function is defined by 



and the dyadic maximal function is defined by 



1 f 

'^^p ITtt^ / \fiiyi)\dyi 

QBx,QeS'fJl N\ JQ 
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Lemma 4.2 Let P = (pi, • • • ,Pm) with 1/p = l/pi + • • • + 1/pm cind 1 < pi, • • • ,Pm < co- 
Suppose that w = {wi, • • • , Wm) with w £ Ap. Then 



i=l 

Proof. In [3j, the authors proved that there exists 2" family of dyadic grids such that 

2" 

A^(/)(x)<6-"^A^^''(/)(x), 

/3=1 

where 



>i%(/)(x)= sup / \My^)\dyi 



For some fixed dyadic grid 

{xGMVA^^(/) >a} = |jQfc, 

A; 

where {Qk}k are disjoint dyadic cubes in ^ and 

m ^ 

IItttt / \fiiyi)\dyi > 



It follows that 



k \i=i''Qk / 



\Qk\^P 

\ p/Pi 



= 1 ^ A: -"^fc 
m 



< [^Wll""'" 



Hence 



\\M^{f)\\Lv.^iv^) = supav^{{xeR^:M^{f)>a}y/P 

supa( ^v^{Qk) 



a>0 



' k 
m 



p 
i=l 
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This completes the proof. □ 
The fohowing result can be proved similarly to [181 p. 1240] and we omit the details. 

Lemma 4.3 Let T be an m-linear C alder on- Zygmund operator and Q he a cube. Set 
Q* = 10^/nQ and Q** = 10^/nQ*. Suppose that x,z G Q and y G Q* . Then 

\T{fl, • • • , fi-l, fiX(Q**)c, fi+l, • • • , fm){x) - T{fl, • • • , /jX(Q**)c, 

fi+l,---Jm){y)\<CM{h,---Jm){z). 

Next we give a characterization of the weak boundedness of multilinear Calderon- 
Zygmund operators. 

Lemma 4.4 Let 1 < p,pi,P2 < oo and w G Ap, where w := {wi,W2) and P := (pi,P2) 
with 1/p = 1/pi + l/p2- Suppose that T is a multilinear C alder on- Zygmund operator. 
Then the following assertions are equivalent. 

(i). ||T(/if7i,/2f72)|Up,«=(„^) < CnLl ll/i|lLK(a,); 

(ii)- !q \T{fi<yiXQj2(T2XQ){x)\v^{x)dx < C" 11^=1 \\fi\\Ln(„,)V^{QY^'^' for all cubes Q C 
R" and all functions fi G L'P^{ai), i = 1,2. 

Proof. (i)=^ (ii): By the weak type boundness of T, we have 

\T{fia-iXQ, f20-2XQ)(.x)\v^{x)dx 

/■oo 

/ v^{x G Q : \T{fiaiXQj2cr2XQ)ix)\ > X}dX 
Jo 

mm{v^{Q), X~P\\T{fiaiXQ, f20-2XQ)\\lp,oo^^^)}dX 

= P'\\T{fl(TiXQ,f2(r2XQ)\\LP>-°{v^)VwiQ)^^^' 
2 

< P'CYlWf^hr'.i.^MQy/'''- 



< 



1=1 



(ii)=^(i): Let be an open set containing {x : |r(/i(Ti, /2(T2)(x)| > A}. Form the 
Whitney decomposition to fi, we get Whitney cubes Qj. Set Q* = W^/nQj and Qj* = 
10^/nQ*. Let 7 be defined as that in Proposition 14.11 In the following, we prove that 

v^{x G M" : |T(/iai,/2a2)(x)| > 2A, (/icii, /2CT2)(x) < (3X} 



i=l 



where 



%= sup supt;^s((5) ^/P' / \T{fiaiXQ,f2cr2XQ)ix)\v^s{x)dx. 
\\fi\\LP^,„A<i Q Jo 



/ill LP. (<.,)<! Q JQ 
i=l,2 

By Whitney's decomposition, we only need to estimate 



v^{x G Q, : \T{fiaij2<y2){x)\ > 2XM{ficyij2CT2){x) < pX}. (4.2) 
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Assume that there exists some Zj E Qj such that M.{f i^i, f2'^2){zj) < /3A. Otherwise, (j4.2p 
is zero. By the property of Whitney decomposition, we can also choose some yj G Q* such 
that yj £ n". Since {x : |T(/iai, /2a2)(a;)| > X} C we have \T { f lai, f 2(^2) {yj)\ < A. 

For any i = 1,2, denote /° = fiX^q^ and /°° = fiX(^^Q^)c- We consider every 
separately, where = or cx). 

Similarly as that in |18j . we consider first the case ai = 02 = 00. For x £ Qj, we have 

\Tifra,,fr<^2)ix)-T{fra,,f^a2)iy,)\ 

< \T{ficriX(^Q**)c, 1^(72) (x) - T(/iaiX(Q..)c, /2~fT2)(yj)| 

+ |T(/iaiXQ..\^Q^„ /2°°^2)(:r) - T(MiXq..\^q^,, /2°°^2)(y,)| 

< \T{ficriX(Q**)cJ^(T2){x) - T(/ic7iX(Q..)c, /2°°a2)(yj)| 

+ l^(/l^^lXQ..\^Q^.,/2fT2X(Q..)e)(x)-T(/iaiXQ**\^Q^.,/2fT2X(Q..)c)(yi)| 
+ |r(/lf^lXQ**\7Q,'/2f^2XQ**\7Qj)(^)l 

+\T{fiaiXQ^^,y^Q^,f2a2XQ**\yQ^){yj)\ 

< CiM{fiaij2(T2)izj) + |r(/lfTiXQ..\^Q^,,/2fT2XQ*-\^Q^.)(yj)|- 

Next, suppose that = 00 for i = 1 or i = 2. Without loss of generality, assume that 
i = 1. We have 

|r(/rai, /2°^2)(x) - r(/rai, /2%)(y.)l 

< |T(/iaiX(Q**).,/2%)(2;) -n/i^iX(Q..)c,/2%)(y.)l 

+ |7'(/iO-1XQ''\7Q,,/2%)(2;)| + |r(/iaiXQ**\T,Q^.,/2f^2)(yj)| 

< C2A^(/i^i,/2^2)(^,) + |r(/iaiXQ;n7Q,'/2%)(%-)l- 

Hence 

|T(/l(Tl, f2a2){x) - r(AVi, /2%)(X) - T(/iai, /2^72)(%)| 

< CsM{hai,f2C72)izj) + |r(AV,/2V2)(y,)| 

+ \T{fl(TlXQ**\^Q^,f2<^2XQ**\jQ^){yj)\ 

+ \T{flCriXQ''^\yQ, ,12(^2) iyj)\ + /2(T2XQ**\7Q,)(yi)l- 

Consequently, for any < 5 < 1/2, 

|r(/iai,/2a2)(x)-r(AV,/2V2)(x)-r(/iai,/2a2)(2/,)|' 
< (C3/3)^A^ + S'^ 

where 

E' = |T(/i%,/2%)(y,)| + |T(/iaiXQ..\^Q^,,/2a2XQ..\7Q,)(yi)l 

+ |r(/lf^lXQ**\7Q, ' /2'72)(yj)| + /2'72XQ**\7Q,)(yi)l- 
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Note that jQ* H ^'^l is comparable with \Q**\ due to the property of the Whitney decom- 
position. Integrating over yj G Q*f] Q^, we have 



in*^ / T(/iai,/2a2)(x) -r(AV,/2%)(^) 



-Tifiai, f2(72)iyj) 



where Kolmogorov's inequahty and the x ^ ^1/2,00 boundedness of T are used, see 
[ig p. 1239]. Since 

\T{hauf2a2){x)-T{f'^aiJ^a2){x)-T{hai,f2a2){y,)\' 

> \T{ha,,f2^2){x)-T{f^aiJ^a2){x)\' - |r(/iai, Ms)!^)!' 

> \T{fiai, f2a2){x) - r(/iVi, f^a2){x)\' - 

we have 

\T{hai,f2a2){x)-T{f^ai,f^a2){x)\ < (1 + C5/3)A. 
It follows that for (3 < (2C5)~\ 

\Tihau f2a2){x) - T{f^aiJ^a2){x)\ < (1 + C^P)\ < 3A/2. 

Denote 

E, = {x G : |r(/i(Ti,/2(T2)(x)| > 2A;A^(/iai,/2a2)(x) < /3A}. 
Then we have 

C {x G Qj : |T(/{'ai,/2%)(x)| > A/2}. 

Therefore, 

j:v^{Ej)<f5v^{-yQj) 

:= I + 11. 
By Holder's inequality, we have 

2 / \pM 



j i=l 



7Qj 



< r^A-a^nii/^iiL.«(..)- 

i=l 
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On the other hand, by the property of Whitney's decomposition, 

n <i3Y.vMi)<Cnpv^m. 

j 

This proves (|4.ip . Taking the infimum over 0, we have 

va{x G : \T{hai, f2a2){x)\ > 2X; M{ha^, f2a2){x) < /3A} 



< /3t;^4xGM":|T(Mi,/2<T2)(x)| >A} + 77r^A-Pnil/^.|li.. 
It fohows that 



1=1 



\\T{fiai,f2T2)\\l,.oo^^^) 
= sup(2Af7;^{|T(/iai,/2a2)(x)| >2A} 

A>0 

< snp{2Xrva{\T{fiai,f2a2){x)\ > 2X; M{haij2a2){x) < /3A} 

A>0 

+ svLp{2X)Pv^{M{fiai,f2a2){x) > /3A} 

A>0 

< snp2P^CeXPv^{x G : \T{fiai, f2(T2){x)\ > A} 

A>0 

2 

+(2^II-M|| LPi(ai) 

i=l 

= 2Pf3C4Tiha,j2a2)\\%,^^^^^ 

2 

4 = 1 

Let /3 = min{(2C5)-i, {2P+^C6)-^}. By Lemma|121 we get 

2 

iin/i^i,M2)iiLP,-K^) < (t; + [w0ll\\MLP.iaO- (4-3) 



p 

i=l 



The following is a characterization of the weak boundedness of 



□ 



Lemma 4.5 Lei 1 < p,pi,P2 < co and w £ Ap, where w := (wi,tL'2) and P := (pi,P2) 
wi/i 1/p = + 1/P2- Suppose that S> is a dyadic grid and S is a sparse family in S>. 
Then the following assertions are equivalent. 

(i)- \\A&,s{\fl\<^lAf2\(y2)\\LP'^(v^) < C'ni=l ll/illLf^a,); 

(ii) . jQA^^s{\fiWiXQ,\f2\<y2XQ){x)v^{x)dx < CY{l^l\\fi\\LP^(u,)Vw{Q)^''^' for all cubes 

Q C and all functions fi G LP^{ai), i = 1,2; 

(iii) . J^Asi^silfiWiXQ, \f2W2XQ){x)va{x)dx < CHLi \\fi\\LP^{a,)Vw{Qy^^' for all dyadic 

cubes Q G S and all functions fi £ LP^{ai), i = 1, 2. 
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Proof. (i)=^ (ii) is similar to the proof of Lemma l4.4i (ii)=^(iii) is obvious. We only need 
to prove (iii)=^ (i). 

For any t > 0, denote := {x G M" : Ac^^s{\fi\ai, |/2|t2)(x) > t} := P^, where 
are pairwise disjoint maximal cubes in We have 



and 



^ 1 f 



p 



E / \f^(y^)\<'^dy^<t■ 

Therefore, for x G = D il.2t, we have 

2t < A^^silhWi^ \f2W2){x) < A^^si\hWi^PcAhW2lp,){x) + 1. 

That is, 

^S?,5(l/lkllPc' l/2k2lPc)(2;) >t, X£ Ei;. 

It follows that 

< 2P(3'-PY^aiPd'~'l^l^ A^^si\hWi^PcAhW2lp,){x)dxJ 

+2Pp\\A^^si\hWu\f2W2)\\l„^^,^) 

/ f \P/Pl / f \P/P2 

< mp^-p Y[jp ihr^'i) ■ [ i/2rv2j 

+2Pp\\A^^s{\h\au\f2\a2)\\l,,^^,^) 

< CP2Pp^-P\\h\\%^^^Jf2\\l,,^^^^+2Pm&^^^^^ 

By setting /3 = 2~p~^ and taking the supremum of t, we get the conclusion desired. □ 
Now we are ready to prove Theorem 11.21 

Proof of Theorem 11.21 By setting the Banach space X to be L}^_{Q), we see from 
(I2TD that 

\T{fi(yiXQ, f2<y2XQ){x)\va{x)dx 

<sup / Acg^s{\fi\<^iXQM2\(y2XQ){x)v^{x)dx. 
S>,S JQ 
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Hence 



< 



sup 'i 



9,S 

For fixed ^,5, by Lemma 14.51 it suffices to estimate 

/ J^9,s^f\\(y\XQAh\<y2XQ){x)va(x)dx 

JQ 

for dyadic cube Q £ S. By Lemma [231 we have 

v^siQy^^^' / A^,si\fiWiXQ,\f2\cr2XQ){x)v,^{x)da 
JQ 

< v^{Q)~^/P' [^As,,sivwXQAf2\(T2XQ)\fiWiix)dx 
Asi,s{vwXq, \f2W2XQ)y'^cridx ] 

IQ 



< V^iQ) {^j {Arj,s{VwXQM2W2XQ)Y'^(yidx 



1/Pl 

\hrai{x)dx 



< 



By ()4.3p . we get the conclusion desired. □ 
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